NUMWORKS Activity Worksheet Algebra

lce Cream

The objective of this activity is to optimize the distance between ice cream shops to determine the best location for the ice cream

production center using geometry, the Pythagorean theorem, and trigonometry.

Planning

A new ice cream company, | Scream, You Scream Ice
Cream, plans to purchase three buildings in a city to
house their first three ice cream shops. The buildings
are located at points A(0, 2), B(0, -2) and C(5, 0). A pro-
duction centerwill also be constructed to provide theice
cream to the shops. The owner, Heath, wants to build
the production centerin a location that would allow his

-
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three delivery trucks to travel as little as possible to help } {?‘
-

TR

minimize costs.

Let the site of the production center be located at a point S. Assume that it is possible to drive directly from the
production center to each ice cream shop. Also assume that each ice cream shop sells the same amount of ice
cream. Determine the best location for Heath to place the production center.

The following hints can be provided to students:

1. Draw a picture!

2. Remember, we want to find the point S for which SA + SB + SC'is smallest.
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3. Let x represent the length of OS.

A

If y represents SA + SB + SC, write y in terms of z.

The following is a potential solution method. For additional approaches, see the solutions at the end of the
page. Let x represent the lengthof OS andy = SA+ SB + SC.

A
2
0 S C
X
5
2
B

Using Pythagorean Theorem, we can determine the length of AS in terms of x:
z? 4+ 2% = (48)?

x? +4 = (AS)?

AS =22 4+4
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Similarly, BS = v/x2 + 4. To determine the length of SC,

oC =08+ SsC
5=x+85C
SC=5—=x

Thus we have

y=vVal+a+Va2+4+(B-x)
y=2vVz2+4+5—=z

Using the equation above, students may graph the functiony = 2v/a2 + 4+ 5—x and look for a minimum.
Using the Grapher app, enter the relation y = 2vz?2 + 4+ 5 — .

Expressions Graph Takle

y=2 x2+4 +5-x

Add an element

Plot graph Display values

Graphing the relation, we see the minimum occurs at the point (1.155, 8.464).

Expressions

Auto Axes Navigate Caleculate

30/
20

-20 -18 1 10 20

M nemum x=1.154701 y=0.464102

That is, when the production center s placed 1.155 units east of shops A and B and horizontal with shop C,
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the distance traveled by the three delivery trucks is minimized to 8.464 units.

Relocation

While planning the construction of his new ice cream shops, Heath found out that the locations of shops A and
B would not work due to zoning issues. Fortunately, he was able to find new locations for his shops. He now

plans to place shop A at (0,3) and shop B at (0,-3). Shop Cis still planned for (0,5). Where should Heath build his
production center considering these new locations?

Similartothe original prompt, let z represent the lengthof O.S andy = SA+SB+SC. Using Pythagorean
Theorem, we can determine the length of AS'in terms of x:

22 + 3% = (AS)?

2% 4+ 9 = (AS)?

AS =22 +9
Similarly, BS = va2 + 9. Wesstill have SC = 5 — x. Thus we have

y=2z2+9+5—2

Using the Grapher app, students can find the minimum of y = 222 +9+5 — a.

Expressions

Auto Axes Navigate Caleculate

30
20
-20 -1@ 18 18 28
M nimum x=1.732051 y=10.19615

We see the minimum occurs at the point (1.732,10.196). That is, based on the new locations of shops A
and B, the production center should be placed 1.732 units east of shops A and B and horizontal with shop
C to minimize the distance traveled by the three delivery trucks to 10.196 units.
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Expansion

After great success in ice cream sales, Heath decides it is time to expand his business by relocating shops A and
B into larger buildings. The new locations of shops A and B are (0,4) and (0,-4), respectively. Shop C will stay
at (0,5). Because gas is one of his highest expenses, Heath is also willing to relocate his production center to
minimizes the distance traveled by his delivery trucks. Where should the production center be located?

We can again, let z represent the length of OS and y = SA+ SB + SC. Using Pythagorean Theorem, we
can determine the length of AS in terms of x:

z? 4+ 4% = (AS)?

22 +16 = (AS)?

AS =22+ 16
Similarly, BS = Va2 + 16. We stillhave SC = 5 — x. Thus we have

y=2vz2+16+5—=z

Using the Grapher app, students can find the minimum of y = 2v/22 + 16 + 5 — x.

Expressions

Auto Axes Navigate Caleculate

-16 -8

M nimum x=2.30858401 w=11.9282

We see the minimum occurs at the point (2.309, 11.928). That is, based on the new locations of shops A
and B, the production center should be placed 2.309 units east of shops A and B and horizontal with shop
Cto minimize the distance traveled by the three delivery to 11.928 units.
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Noticing Patterns

Based on your findings from the previous problems, if Heath wanted to move shop A and B even further away,
what do you think would happen to the location of his ice cream production center?

In each of the previous problems, the distance between shops A and B was getting larger and larger. With
each increase, the x-value of the minimum also increased. That is, the production center moved further
and further east, closer to shop C.

A Fixed Production Center

Assume that shop Cis at (5,0) and the production center has already been built at S(3,0). If Heath still wants to
build shops A and B equal distance from the origin and on the y-axis, where would each shop need to be located
to minimize the distance traveled by his delivery trucks?

We can use the data from our previous problems to model the relationship between the location of shop A
and the location of the production center. We can then use this model to predict where shop A should be
located given the location of the production center. Using the Regression application, we enter the y-values
for shop Afrom our previous three problems into X1 and the resulting x-values of the production centerinto
Y1.

Data
X1 Y1
2 1.154701
3 1.732051
2.30859401

On the Graph tab, we construct a scatterplot and add a linear regression model.
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Auto Axes Navigate Regression

2.4

2

1.6

1.6 2.4 2.8 3.2 3.6 4 4.4
Mean point =3 y=1.732051

Using the prediction tools, we can find X given a predicted Y. That is, we can find the y-value of shop A given
the predicted x-value of the production center, 3.

Confirm

Auto O Awes Navigate Regresstion
3.6
3.2
2.8
4
x=5.196153113 y=3

¥=0.57735 x+3.9995995999-7

We see that in order for the production center to be located at (3,0), shop A would need to be located
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at (0, 5.196). Thus shop B would need to be located at (0, -5.196). We can verify this answer by finding
where the production center should be built to minimize the distance traveled by the delivery trucks as-
suming shop A'is built at (0, 5.196) and shop B is built at (0, -5.196) like we did in the first three problems.

Let = represent the length of OS andy = SA + SB + SC. Using Pythagorean Theorem, we can de-
termine the length of AS in terms of z:

2?2 +5.196% = (AS)?

z? +26.998 = (AS)?

AS = /22 +26.998

Similarly, BS = vz2 + 26.998. We still have SC' = 5 — z. Thus we have
y=2vz2+26.998+5—=x

Using the Grapher app, students can find the minimum of y = 2v/22 + 26.998 + 5 — .

Expressions

Auto Axes Navigate Calculate

24
1
-8 B 16
M meimum ¥=2 99988 y=13 99967

We see the minimum occurs at the point (3, 14). The x-value of the minimum, 3, verifies that when shop A
is located at (0, 5.196) and the production center is located at (0,3), the distance traveled is minimized.

Additional solution approaches

Approach 1

Let z represent the length of SC andy = SA+ SB + SC.
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Using Pythagorean Theorem, we can determine the length of AS in terms of
(5— )2 +22 = (AS)?
(5— )% +4=(AS)?
AS=+/(5—x)?+4

Similarly, BS = /(5 — )2 + 4. Thus we have

y=v0b6-2)24+4+/6-2)2+4+2x

y=2v/b—-z)2+4+x

Using the equation above, students may graph the function y = 24/(5 — z)2 + 4 + x and look for a mini-
mum. Using the Grapher app, we see the minimum occurs at the point (3.845, 8.464).

Expressions

Auto Axes Navigate Caleculate

3ol
204

-20 -180 183 1@ 20 30

M+ nimum x=3.845299 y=B.464102

To determine the location of point S, we subtract the x-value from 5 and recieve 1.155.
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5-3.845299
1.1547681

That is, when the production centeris placed 1.155 units east of shops A and B and horizontal with shop C,
the distance traveled by the three delivery trucks is minimized to 8.464 units.

Approach 2

Let x represent the length of ASandy = SA+ SB + SC.

A

Because right triangle AOS and right triangle BOS are congruent, x = B.S. Using Pythagorean Theorem,
we can determine the length of OS in terms of z and then find the length of SC"

(08)? +2° = 2

(08)? 4+ 4 = 2?

0S8 =+/z2%2 -4
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To determine the length of SC,
oC =08+ SsC

5=+vz2—-4+5C
SC=5—+z2-4

Thus we have

y=z+z+5— a2 -4
y=2zx+5—Vz2-4

Using the Grapher app, students can find the minimum of y = 2z + 5 — Va2 — 4. We see the minimum
occurs at the point (2.309, 8.464).

Expressions

Auto Axes Mavigate Calculate

-

12

18

8 -4 . 4 E
1415 nimum ¥=2. 309461 y=8.464162

To determine the location of point S, we use Pythagorean Theorem to set up the equation
05? + 2% = 2.309°

Using the Solver app, we can solve the equation and find O.S = 1.155.
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Solutdion

<1 \113333329?8891
10000600
'HEOL — .
x2 2 1. 1547RE3E
0]
1333332878801
a=k2-4ac =
250000000 ARG

That is, when the production centeris placed 1.155 units east of shops A and B and horizontal with shop C,
the distance traveled by the three delivery trucks is minimized to 8.464 units.

Approach 3

Students may also set up the problem so that z represents one of the unknown angles within the triangle
and use trigonometry to solve. To demonstrate one approach: Let x represent m/ZASO andy = SA +
SB+ SC.

Using right triangle trigonometry, we have:
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AS = — 2
sin (x)
Similarly, BS = #(w) Also,
2
t =
an (x) 05
2
0S =
tan (x)
To determine the length of SC,
oC =08+ 5C
2
5=——+5C
tan (z) +
2
SC=5—-——
tan (x)
Thus we have
2 2 2
Y= Sin ()  sin(z) tan (z)
2 2
=¥) 5—
4 sin (z) * tan (z)
4 5o 2
Y= Sin (x) tan (z)
Using the Grapher app, students can find the minimum of y = Sif(x) +5— mnz(x).
We see the minimum occurs at the point (60, 8.464).
Expressions
Auto Axes Navigate Calculate
18 \../
' N | | TN
o] £1e@ 100 200 388
-1
M5 nimum ®=60 =8 464102
To determine the location of point S, we evaluate OS = % forz = 60.
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¢ 1.154700538

We find that OS = 1.155. That is, when the production center is placed 1.155 units east of shops A and B
and horizontal with shop C, the distance traveled by the three delivery trucks is minimized to 8.464 units.
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